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UNIT IV TRANSIENT ANALYSIS

TRANSIENT RESPONSE FOR DC CIRCUITS

1. INTRODUCTION

2. TRANSIENT RESPONSE OF RL CIRCUITS

3. TRANSIENT RESPONSE OF RC CIRCUITS

4. TRANSIENT RESPONSE OF RLC CIRCUITS

5. CHARACTERIZATION OF TWO PORT NETWORKS IN TERMS OF
Z,Y AND H PARAMETERS.

1. INTRODUCTION

For higher order differential equation, the number ‘ef arbitrary constants
equals the order of the equation. If these unknowns are to be evaluated for
particular solution, other conditions in netwosk must be known. A set of
simultaneous equations must be formed contaiing general solution and some
other equations to match number of unknownsvithtequations.

We assume that at reference time t=0, hetwork condition is changed by switching
action. Assume that switch operates jq zero time. The network conditions at this
instant are called initial conditigns,h-network.

1. Resistor :
=
o\
"h ”‘r == .
L. V=ixR > (1)
i |

Equ 1 is linear and also time dependent. This indicates that current through
resistor changes if applied voltage changes instantaneously. Thus in resistor,
change in current is instantaneous as there is no storage of energy in it.

2.Inductor:
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If dc current flows through inductor, dil/dt becomes zero as dc current is constant
with respect to time. Hence voltage across inductor, VL becomes zero. Thus, as
for as dc quantities are considered, in steady stake, inductor acts as short circuit.
We can express inductor current in terms of voltage developwross it as

iL=%IVLdt Q@

In above eqn. The limits of integration is 4010 6 g

-

Assuming that switching takes place é@we can split limits into two intervals a:

i O

% +’—;2 v, dt
@ Loj -

; 1
IL=Z
iL=iL'$j'
. N1 ¢
IL( jzﬁ’ldt

at t=0"' we can write i, (07) =
i(07) =1.(0)

]VL dt
2

1
L

I through inductor cannot change instantaneously.

3.capacitor
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dt
If dc voltage is applied to capacitor, dVC / dt becomes zero as dc voltage is
constant with respect to time.

Hence the current through capacitor iC becomes zero, Thusas far as dc quantities
are considered capacitor acts as open circuit.

Splitting limits of integratigf

V —l(].zf'dr+l ’i dt
: ch Co g
At t(0"), equdtion is given by

Thus voltage across capacitor can not change instantaneously.

2. TRANSIENT RESPONSE OF RL CIRCUITS:

So far we have considered dc resistive network in which currents and
voltages were independent of time. More specifically, Voltage (cause input)
and current (effect output) responses displayed simultaneously except for a
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constant multiplicative factor (VR). Two basic passive elements namely,
inductor and capacitor are introduced in the dc network. Automatically, the
question will arise whether or not the methods developed in lesson-3 to lesson-
8 for resistive circuit analysis are still valid. The voltage/current relationship
for these two passive elements are defined by the derivative (voltage across
the inductor

di, ()
dt
where =current flowing through the inductor ; current through the capacitor
- av.(1)
lc(r)=C—C(‘ -,
dt

voltage across the capacitor) or in integral form as ()C
4 4

. 1, . =
A (r)=zlvl(r)dr+zi(0) or W.(1) =

v, (f)=L

i(t)dt+v.(0)

O Co—

I
C

y ——AMMW\

i(”';

Our problem is to study the growth of current in the circuit through two stages,
namely; (i) dc transient response (ii) steady state response of the system

D.C Transients: The behavior of the current and the voltage in the circuit
switch is closed until it reaches its final value is called dc transient response of
the concerned circuit. The response of a circuit (containing resistances,
inductances, capacitors and switches) due to sudden application of voltage or
current is called transient response. The most common instance of a transient
response in a circuit occurs when a switch is turned on or off —a rather common
event in an electric circuit.
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Growth or Rise of current in R-L circuit

To find the current expression (response) for the circuit shown in fig. 10.6(a),
we can write the KVVL equation around the circuit

The table shows how the current i(t) builds up in a R-L circuit.

Actual time (t) in sec Growth of current in inductor
(Eq.10.15)
V
t=r1 =£) i(f)= 0.@32 x—=
R R
t=271 V.
(2 )Q 9.865 x—=
e R
=7
g r) 0.950 x L=
% ;
=4
- i(47)=0.982 x =
R
=5 V
FoE Q i(57)= 0.993 x—=
Q- ’
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Volt
oltage 4
in
volt

0.05 0.06 0.07 0.08
—p (seconds)

Q (25 5w L
&* - R

Consider network shown in fig. the switch k is moved from
position 1 to 2 at reference time t = 0.

Now before switching take place, the capacitor C is fully charged to V
volts and it discharges through resistance R. As time passes, charge and hence
voltage across capacitor i.e. V¢ decreases gradually and hence discharge current
also decreases gradually from maximum to zero exponentially.

After switching has taken place, applying kirchoff’s voltage law,
0=V, +V,
Where VR is voltage across resistor and VC is voltage across capacitor.
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g dv,

o dr
s HmaRiE 2
dt

Above equation is linear, homogenous first order differential equation. Hence
rearranging we have,

di _ dv.
RC ¥
Integrating both sides of above equation we have \
: Q)
—=~InV, +k'
RC ‘
Now at t = 0, VC =V which is initial condition, s bgbv[mg in equation we have,
0=—InV +K' é

Substituting value of k™ in gener&@ tion, we have

a - —ananV
RC o

N
&
N\

Q
c

Where Q is total charge on capacitor
Similarly at any instant, VC = g/c where ¢ is instantaneous charge.

!

V=

9_9Q %
So we have, ¢c C
g=Q-e*
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Thus charge behaves similarly to voltage across capacitor.
Now discharging current i is given by
Ve

I =—

R
but Vg = V¢ when there 1s no source in circuit.

R
but VR = VVC when there is no source in circuit.
The above expression is nothing but discharge current of capacitor. The variation
of this current with respect to time is shown in fig.

This shows that the current is exponentially decaying. At point P on the graph.
The current value is (0.368) times its maximumfalue. The characteristics of
decay are determined by values R and C, whichare 2/arameters of network.

For this network, after the instant t = O thete/is no driving voltage source in
circuit, hence it is called undriven RC eiredit.

=

v

3. TRANSIENT RESPONSE OF RC CIRCUITS

Ideal and real capacitors: An ideal capacitor has an infinite dielectric
resistance and plates (made of metals) that have zero resistance. However, an
ideal capacitor does not exist as all dielectrics have some

leakage current and all capacitor plates have some resistance. A capacitor’s of
how much charge (current) it will allow to leak through the dielectric medium.
Ideally, a charged

capacitor is not supposed to allow leaking any current through the dielectric
medium and also assumed not to dissipate any power loss in capacitor plates
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resistance. Under this situation, the model as shown in fig. 10.16(a) represents
the ideal capacitor. However, all real or practical capacitor leaks current to
some extend due to leakage resistance of dielectric medium. This leakage
resistance can be visualized as a resistance connected in parallel with the
capacitor and power loss in capacitor plates can be realized with a resistance
connected in series with capacitor. The model of a real capacitor is shown in

fig.

Let us consider a simple series RC—circuit shown in fig. 10.17(a) is connected
through a switch ‘S’ to a constant voltage source .

: kS S. switch
t=0 R

y 1+ 4
\‘ 4 e — \‘(‘)) ‘.‘

L

Ititially capacitor

i)
is charged

The switch S’ is closed at time ‘t=0’(It is assumed that the capacitor is initially
charged with a voltage and the cungfent flowing through the circuit at any instant
of time ©” after closing the switghiis

Current decay in source free series RL circuit: -

'."”‘

=
i

'|“

¢
{
UL VY

Att=0-,, switch k is kept at position ‘a’ for very long time. Thus, the network
Is in steady state. Initial current through inductor is given as,

<4 V =
1'1_67 =10=_R—:i[‘0"’ 1

Because current through inductor can not change instantaneously
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Assume  that at t = 0 switch k is moved to position 'b'.
Applying KVL,

/& 4l +iR=0
B e s 2
L i —iR
dt
Rearranging the terms in above equation by separating variables
di R
—=——dlt
i L
Integrating both sides with respect to corresponding variables
= R
R {4 I =——
T 3
Where k’ is constant of integration.
To find- k’:

Form equation 1, at t=0, i=I0
Substituting the values in equation 3

= R
~In}, = - K
k=Inf, 4
Substituting value of k’ from eguation 4 in

|n|j=_§,+1n L

In[=n], ;{f

fig. shows variation of current i with respect to time

A 4
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From the graph, H is clear that current is exponentially decaying. At point P
on graph. The current value is (0.363) times its maximum value. The
characteristics of decay are determined by values R and L which are two
parameters of network.

The voltage across inductor is given by

. R g R
V, By L ) I,-et :L-IO(—EJ-e L
‘ dt dt L

SVe==V-e " yolts

4. TRANSIENT RESPONSE OF REC\CIRCUITS

In the preceding lesson, our disCussion focused extensively on dc circuits having
resistances with either indueter () or capacitor () (i.e., single storage element) but
not both. Dynamic response of such first order system has been studied and
discussed in detail. The\presence of resistance, inductance, and capacitance in the
dc circuit introduees, at least a second order differential equation or by two
simultaneous coupled linear first order differential equations. We shall see in next
section that the complexity of analysis of second order circuits increases
significantly when compared with that encountered with first order circuits. Initial
conditions for the circuit variables and their derivatives play an important role
and this is very crucial to analyze a second order dynamic system.

Response of a series R-L-C circuit
Consider a series RLcircuit as shown in fig.11.1, and it is excited with a dc
voltage source C—sV.
Applying around the closed path for ,
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Lm+Ri(f)+\‘r(f) =V
dt "
R L
—){ —— AW — B ——- - - - -
A
t=0 __..
+ -
V, ™ C v(t)
- i(1)
- - " - YO

Fig. 11.1: A Simple R-L-C circuit excited with a dc voltage source

The current through the capacitor can be written as Su@s\uﬂng the current
“’expression in eq.(11.1) and rearranging the terms, Q

i(t)=C d‘;fr) Q/l/
c8® pod® Q/Q)
= @ .-

dt .
The above equation is a 2nd-or ar differential equation and the parameters
associated with the differentia ation are constant with time. The complete
solution of the above dif ttal*equation has two components; the transient
response and the stea e response. Mathematically, one can write the
complete solution a

V)=, )+, (6) = (4 ™ +4,e™ )+ 4

x d-‘.c’(r) i d"c(t) fvi) 0= d“\‘c‘(f) %R d\". (f) " 1 v.(f) =
a —d-v‘,(t) +b (1) +¢ v (t) =0 (where a=1.b B and c=—— |
dr L LC

Since the system is linear, the nature of steady state response is same as that of
forcing function (input voltage) and it is given by a constant value. Now, the first
part of the total response is completely dies out with time while and it is defined
as a transient or natural response of the system. The natural or transient response
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(see Appendix in Lesson-10) of second order differential equation can be
obtained from the homogeneous equation (i.e., from force free system) that is
expressed by

-

a :Ra+ 1 =0 =Daa’+ba+c=0 (where a=1. b—ﬁ and ¢=—
L I L ¥y

and solving the roots of this equation (11.5) on that associated with transient part
of the complete solution (eq.11.3) and they are given below.

R 1
where, b=— and ¢ =—.
L EC
The roots of the characteristic equation-are classified in three groups
depending upon the values of the parametérs ,,RLand of the circuit

Case-A (overdamped response): That~the roots are distinct with negative real
parts. Under this situation, the natugal or transient part of the complete solution is
written as

) =4e" + DY

and each term of the<above expression decays exponentially and ultimately
reduces to zero asand it is termed as overdamped response of input free system.
A system that is overdamped responds slowly to any change in excitation. It may
be noted that the exponential term t—ool1tAeatakes longer time to decay
its value to zero than the term21tAca. One can introduce a factor§ that provides
an information about the speed of system response and it is defined by damping
ratio

Actual damping b %

critical damping _\/_ /
\/LC

(S)=

RLC Circuit:
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R L C
. W (=X
VR 4 Vo
1A (VL"VC) Ry
v |
(@)
VR(=IH)
AV EIX) Ve (=IX)
il e‘
[ em— A? [
" ZN(X5-X,)
IMPEDANCE TRIANGLE TMPEDANCE TRIANGLE
(d) (b) (0
VVC(=/XC)

Consider a circuit in which R, L, and C_are connected in series with each
other across ac supply as shown in fig.

The ac supply is given by, V =V sin,wt

The circuit draws a current |. Ddexto that different voltage drops are,
1. Voltage drop acrossResistance R is VR = IR
2. Voltage drop aergss Tnductance L is VL = IXL

3. Voltage drop across Capacitance C is V¢ = IXc The characteristics of
three drops are}

(1) VR is in phase with current |
(i) VL leads | by 900

(i) Vc lags | by 900

According to krichoff’s laws

Steps to draw phasor diagram:
1. Take current | as reference
2. VRs in phase with current |

3. VL leads current by 900
4. Vc lags current by 900
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5. obtain resultant of VL and VVc. Both VL and V¢ are in phase opposition
(1800 out of phase)

6. Add that with VRby law of parallelogram to get supply voltage.

The phasor diagram depends on the condition of magnitude of VL and V¢
which ultimately depends on values of XL and Xc.
Let us consider different cases:
Case(i): XL > Xc
When X L > Xc
Also VL > Vc (or) IXL > IXc
So, resultant of VL and Vc will directed towards VL i.e. leading current I.
Hence I lags V i.e. current | will lags the resultant of VL and VVci.e. (VL -
\/c). The circuit is said to be inductive in nature.
From voltage triangle,
V =+ (Vr*+ (VL= Vec)?) =V ((IR)*+ (IXL - IXD
V=1V R+ (Xp-Xc)?)

V=I1Z

Z=v(R*+(XL-Xc)?)
If,V=VmSinwt ; i=ImSin (Wt >®)
I.e | lags V by angle ¢
Case(ii): XL < Xc

When XL < Xc

Also VL < Vc (or) IXL < IXc

Hence the resultant of\[™and V¢ will directed towards Vc i.e current is said
to be capacitive in pature
Form voltage triangle
V=1 (Vi’ +Q42 V1) ’) =V ((IR)*+ (IX. - IX1) )
V=IV(R+(Xc-X1)?)
V=I1Z
Z=(R*+ Xc-X1)?)
If, V=Vm Sin wt ; 1=Im Sin (wt + ¢)
1.e I lags V by angle ¢
i.e | lags V by angle ¢
Case(iii): XL = Xc
When XL = Xc
Also VL = Vc (or) IXL = IXc

So VL and Vc cancel each other and the resultant is zero. So V = VR in such
a case, the circuit is purely resistive in nature.
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Impedance:

In general for RLC series circuit impedance is given by, Z=R +j X
X = XL —Xc = Total reactance of the circuit

If XL>Xc ; X is positive & circuit is Inductive
If XL<Xc ; X is negative & circuit is Capacitive
If XL=Xc ; X =0 & circuit is purely Resistive

Tan  ¢L - =Xc[(X)R]

Cos ¢ = [RZ]

Z =2 VHXL(R-Xc)?2)
Impedance triangle:
In both cases R = Z Cos ¢

X = Z Sin ¢

Power and power triangle:
The average power consumed by circuit is,

Pavg = (Average power consumed by R) + (Average power
consumed by L) + (Averageower consumed by C)

Pavg = Power taken by-R=A2R = I(IR) = VI
V=V Cos ¢ P=VICos ¢}

Thus, for any condition, XL > Xc or XL < Xc General power can be expressed
as

P =\/pltage x Component in phase with voltage
Power triangle:
S = Apparent power = 12Z = VI

P =Real or True power = VI Cos ¢ = Active po Q = Reactive power = VI Sin ¢

5. CHARACTERIZATION OF TWO PORT NETWORKS IN TERMS OF
Z)Y AND H PARAMETERS.

The purpose of this appendix is to study methods of characterizing and analyzing

two-port networks. A port is a terminal pair where energy can be supplied or

extracted. A two-port network is a four-terminal circuit in which the terminals
are paired to form an input port and an output port. Figure W2-1 shows the
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customary way of defining the port voltages and currents. Note that the reference
marks for the port variables comply with the passive sign convention.

The linear circuit connecting the two ports is

Assumed to be in the zero state and to be free of any independent sources. In
other words, there is no initial energy stored in the circuit and the box in Figure
W2-1 contains only resistors, capacitors, inductors, mutual inductance, and
dependent sources. A four-terminal network qualifies as a two-port if the net
current entering each terminal pair is zero. This means that the current exiting the
lower port terminals in Figure W2-1 must be equal to the currents entering the
upper terminals.

One way to meet this condition is to always connect external sources and loads
between the input terminal pair or between the output termifiabpair. The first task
Is to identify circuit parameters that characterize a twospert. In the two port
approach the only available variables are the port voltages V1 and V2, and the
port currents 11 and 12. A set of two-port parameters Is défined by expressing two
of these four-port variables in terms of the other two’variables. In this appendix
we study the four ways in Table W2-1.

5 — b
| —

Input \ i % ’ Output
Port ﬁt . Port
.

. S -

TWO-PORTPARAMETERS

NAME EXPRESS  IN TERMS OF  DEFINING EQUATIONS

Impedance Ve V¥, I. 1 Vi=gd, + 2,0, ad V, =21, + 23,0,
Admittance I, 1, Vi, ¥, I, =y,V, *y,Y, and [, =y, V, +y,V,
Hybrid Vi. b 1.V, Vi =hydy + hyVs and 1 = byl + by Vs
Transmission Vi. 1, Vi, =1, Vi=AV,—-BlL and I, =CV,— DI,

Note that each set of parameters is defined by two equations, one for each
of the two dependent port variables. Each equation involves a sum of two terms,
one for each of the two independent port variables. Each term involves a
proportionality because the two-port is a linear circuit and superposition applies.
The names given the parameters indicate their dimensions (impedance and
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admittance), a mixture of dimensions (hybrid), or their original application
(transmission lines). With double-subscripted parameters, the first subscript
indicates the port at which the dependent variable appears and the second
subscript the port at which the independent variable appears.

Regardless of their dimensions, all two-port parameters are network
functions. In general, the parameters are functions of the complex frequency
variable and s-domain circuit analysis applies. For sinusoidalsteady-state
problems, we replace s by j and use phasor circuit analysis. For purely resistive
circuits, the two-port parameters are real constants and we use resistive circuit
analysis. Before turning to specific parameters, it is important to specify the
objectives of two-port network analysis. Briefly, these objectives are:

1. Determine two-port parameters of a given circuit.

Use two-port parameters to find port variable respofises=for specified input
sources and output loads.

In principle, the port variable responses cansbe found by applying node or
mesh analysis to the internal circuitry connectidg the input and output ports. So
why adopt the two-port point of view? Why.net use straightforward circuit
analysis?

There are several reasons. Eikst.iwo-port parameters can be determined
experimentally without resorting( 10 circuit analysis. Second, there are
applications in power systems and Jnicrowave circuits in which input and output
ports are the only places thatisignals can be measured or observed. Finally, once
two-port parameters of @Circuit are known, it is relatively simple to find port
variable responses for@ifferent input sources and/or different output loads.

put ports ‘akg, the only places that signals can be measured or observed.
Finally, once two-port parameters of a circuit are known, it is relatively simple to
find port variable responses for different input sources and/or different output
loads.

IMPEDANCE PARAMETERS

The impedance parameters are obtained by expressing the port voltages V1
and V2 in terms of the port currents 11 and 12.

Vi = Zuly + 21055
Vo = Zudy + Zl; (W2-1)
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The network functions z11, z12, z21, and z22 are called the impedance
parameters or simply the z-parameters. The matrix form of these equations are

V, Zu 2 |l 4 I
["":j| i [3:- :::}[IJ ) [,l[’j

where the matrix [z] is called the impedance matrix of a two-port network. To
measure or compute the impedance parameters, we apply excitation at one port
and leave the other port open-circuited. When we drive port 1 with port 2 open
(12), the expressions in Eq. (W2-1) reduce to one term each, and yield the
definitions of z11 and z21.

(W2-2)

(W2—30)

V,
Ziy = = = input impedance with the output port open
1 1 I4=0
Vs = 1 .
Iy = = = forward transfer impedange With the output port open
1 115,=0

Conversely, Whe—n we drive port 2 with port 1 open ($1=0), the expressions in
Eqg. (W2-1) reduce to one term each that defineZI2and z22 as

(W2—4b)

‘/ 1 7
212 = I— = reverse transferigyggtdance with the input port open (W2—4a)
2 ll U
‘/’1 ‘
In = I- = output jntgefance with the input port open
211,=0

All of these parameters are tmpedances with dimensions of ohms. A two-
port is said to be recipr@cal\when the open-circuit voltage measured at one port
due to a current excitation at the other port is unchanged when the measurement
and excitation ports ‘are“interchanged. A two-port that fails this test is said to be
nonreciprocal. Circuits containing resistors, capacitors, and inductors (including
mutual inductance) are always reciprocal. Adding dependent sources to the mix
usually makes the two-port nonreciprocal. If a two-port is reciprocal, then
z12 z21. To prove this we apply an excitation 11 Ix at the input port and observe
that Eq. (W2-1) gives the open circuit (12) voltage at the output port as
V20C z21Ix. Reversing the excitation and observation ports, we find that an
excitation 12 Ix produces an open-circuit (1) voltage at the input port of
V 10C z121x. Reciprocity requires that V10C
VV20C, which can only happen if z12 z21.

ADMITTANCE PARAMETERS
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The admittance parameters are obtained by expressing the port currents 11 and
12 in terms of the port voltages V1 and V2. The resulting two-port i—v
relationships are

L =yuVi + ya V5
L=yyVi+ ymV; (W2-5)

The network functions y11, y12, y21, and y22 are called the admittance
parameters or simply the y-parameters. In matrix form these equations are

, Vi Y || Vi Vi o
|8 Ju = (W2-6)
{’J [":l ."j[“’j 3 ][ v,

where the matrix [y ] is called the admittance matrix of a two-port network. To
measure or compute the admittance parameters, we apply ex€itation at one port
and short circuit the other port. When we drive at port 1 withert 2 shorted (V2=
0), the expressions in Eg. (W2-5) reduce to one term gach that define y11 and
y21 as

/ : : g _
Vi = 7’ = input admittance with{titg¢ Gutput port shorted (W2-7a)
1lv,=0
I, . ;
Vo = V. = forward trangfepadmittance with the output port shorted
"11V4=0

Conversely, when we drive at port'2 With port 1 shorted (V1= 0), the expressions
in Eq. (W2-5) reduce to one term,each that define y22 and y12 as

|
r 1
-\I'J

Y = " = output admittance with the input port shorted
21Vy=0
All of these network functions are admittances with dimensions of
Siemens. If a two-port is reciprocal, then y12 y21. This can be proved using the

same process applied to the z-parameters.

The admittance parameters express port currents in terms of port voltages,
whereas the impedance parameters express the port voltages in terms of the port
currents. In effect these parameters are inverses. To see this mathematically, we
multiply Eq. (W2-2) by [z] 1, the inverse of the impedance matrix.

www.padeepz.net
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In other words,

HYBRID PARAMETERS

The hybrid parameters are defined in terms of a mixture of port variables.
Specifically, these parameters express V1 and 12 in terms &1 and V2. The
resulting two-port i—v relationships are

Vl — h”ll = hllvl Q

I, = hy I, + hyV; 9)e
Where h11, h12, h21, and h22 are called the h arameters or simply the h-
parameters. In matrix form these equatlons

Vi hy, h, I,
B W2-10
|:1::| [hz, h,l[v@ﬁ (W2-10)

Where the matrix [h ] is
parameters can be mea
with port 2 shorted
each, and yield th

he h-matrix of a two-port network. The h-
r calculated as follows. When we drive at port 1
0), the expressions in Eg. (W2-9) reduce to one term
itions of h11 and h21.

V
hy, = I—' = input impedance with the output port shorted (W2-11a)
1 lv,=0
/;
h,, = I_ = forward current transfer function with the (W2-11b)
HV,=0 output port shorted

When we drive at port 2 with port 1 open (11=0), the expressions in Eq. (W2-9)
reduce to one term each, and yield the definitions of h12 and h22.
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hy, = — = reverse voltage transfer function with the input
21,=0 " port open
h . . :
hys v output admittance with the input port open

II 0
These network functions have a mixture of dimensions: h11 is impedance in
ohms, h22 is admittance in Siemens, and h21 and h12 are dimensionless transfer

functions. If a two-port is reciprocal, then h12h21. This can be proved by the
same method applied to the z-parameters.

AC through pure resistance:
Consider a simple circuit consisting of a pure.sesistance ‘R’ ohms
across voltage

V = VmSinwt
According to ohms law,

1=V/R =(VmSinwtyR

1= (VmR) Sin(wt)
This is equation giving instantaneous value of current

1 = ImSin(wt*g)
Im="VmR and ¢=0
It is in phase with the voltage applied. There is no phase different between

two.

“In purely resistive circuit, the current and the voltage applied are in phase
with each other ¢

Ac through purely resistive circuit:
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Vv, Vv,
= R
" ! e i
= R 5
Vi Vr
R o
Circuit Phasor Current and voltage
diagram diagram waveforms

Power:

The instantaneous power in a.c circuit can be obtained by taking
product of the instantaneous value of current and voltage.

P=VxI
= Vm Sin(wt) x Im Sin(wt)
= Vmlm Sin?wt
=(VmIm?2 )x(1-coswt)

P= (VmIm?2) — (VmIm/?2 )Coswi

Instantaneous power consists of, two components: 1- Constant power
component (VmIm?2)

2- Fluctuating compéunent [(VmIm?2)coswt |having frequency, double
the frequency, of apphied voltage.

The average value of flugtuating cosine component of double frequency is zero,
overone complete cycler So, average power consumption over one cycle is equal
to constant powergomponent i.e. Vmlm/2.

Pavg = VmIm?2 = (VmA?2) x (ImA?2)

Pavg =Vrms x Irms  watts

Pavg = VxI watts =I°R watt
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AC through pure inductance:

L v
1 L
Vi I

/| lags V| by 90°

Circuit Phasor Current and voltage
diagram diagram waveéforms
Consider a simple circuit consisting of a plr€, inductance of L
henries connected across a voltage given by the equation.

V =Vm Sinwt

Pure inductance has zero ohmi€ sésistance its internal resistance is
zero. The coil has pure inductance 6h henries (H).

When alternating current “w/flows through inductance ‘L’. It sets up
an alternating magnetic field_around the inductance. This changing flux
links the coil and due to Selffinductance emf gets induced in the coil. This
emf opposes the applied voltage.

The self induced emf in the coil is given by Self induced emf e= -L
dvdt

At all instants, applied voltage V is equal and opposite to self induced emf
e

V = -e = - (-L diAdt)
V =L dit
Vm Sinwt = L dvdt
di = (VL) Sinwt dt
i=/[di=[(VnvL) Sinwt dt
=(Vm/L)[-coswt/w]

i= -(VmAvL) Sin ((w2)-Wwt)  =coswt = Sin (Wt-n2)
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I= -(VmAvL) Sin (wt-12) >Sin ((w2)-wt) =-Sin(wt-m2)
I = Im Sin (wt- 72)
Where, Im = VimwL =VnvX

XL =wL =2znfL Q
The above equation clearly shows that the current is purely
sinusoidal and having angle of - w2 radians i.e. 90°. This means current

lags voltage applied by 90°
Concepts of Induction Reactance:

Im = VX, Where, X, = wL = 2xfL Q
XL = Induction Reactance

Inductive reactance is defined as the opposition” offered by the
inductance of circuit to the flow of an alternatingSinusoidal current.

Note:

If frequency is zero, which is s@ for dc voltage, the inductive
reactance is zero. Therefore it is said that inductance offers zero reactance
for dc or steady current.

Power:
P =VxI
= Vm Sinwt X' Im sin(wt- w2)
= -VmimSin(wt) Cos(wt)  [." sin(wt- 72)=-Cos(wt)]
P\= (-VmIm?2) x Sin(2wt)  ['."2sinwt Coswt = Sin2wt]

The average value of Sine curve over a complete cycle is always
zero. Pav =o[*Sin (2wt) d(wt)

AC through pure capacitance:
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C
—11 fe: ok
Ve Ve

Consider a simple circuit consisting of pure capacitor of ¢ farads,
connected across a voltage given by equation,

V = Vm Sinwt

The current I charge the capacitor C. The instantaneous charge ‘q’
on the plates of capacitor is given by

g=CV
g = CVp, sinwt

Current  i=rate of flow of charge "q’ i = dgdt = d(CVmSinwtydt
1= CVm d(Smwt)ydt

i=Vm/(lwe) Sin(wt+w?2) i = Im Sin(wt+w2)
Where, Im =Vm/Xc
Xc = 1/Ave = ULrC)

The above equation clearly shows that current is purely sinusoidal
and having plfasg angle of w2 radians +90°

This means current leads voltage applied by 90° The positive sign
indicates leading nature of the current.

Concepts of reactive capacitance:
Im=Vm/Xc And Xc=1/'wC = 1/(2xnfc) Q
Xc = Capacitive reactance

Capacitive reactance is defined as the opposition offered by the
capacitance of the circuit to flow of an alternating sinusoidal current.

Power:
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The expression for instantaneous power can be obtained by taking
the product of instantaneous voltage and current

P = Vxi =Vm Sin(wt) x Im Sin(wt+ w2)
= Vmim Sin(wt) Cos(wt)
P = (VmIm?2) Sin(2wt)
Pavg = Pav =o/*(VmIm?2) Sin 2wt) d(wt) =0

Drawing of the phasor diagram for a series RLC circuit energized by a
sinusoidal voltage showing the relative position of current, component
voltage and applied voltage for the following case

a) When X > Xc
b) When XL < Xc
c) When X, = Xc.

RLC Circuit:

1A

(@)

IMPEDANCE TRIANGLE IMPEDANCE TRIANGLE
(d) (b) (©

Consider a circuit in which R, L, and C are connected in series with each
other across ac supply as shown in fig.

The ac supply is given by,
V =Vm sin wt
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The circuit draws a current I. Due to that different voltage drops are,

1) Voltage drop across Resistance R is Vg = IR

2) Voltage drop across Inductance L is V| = IX,

3) Voltage drop across Capacitance C is V¢ = IXc The characteristics of
three drops are,

1. Vgisin phase with current |

2.V leads I by 90°

3.  Vclags | by 90°
According to krichoff’s laws

Steps to draw phasor diagram:
1. Take current | as reference
2. Vgisin phase with current |

3. V. leads current by 90°

4. Vc lags current by 90°

5. obtain resultant of VV|_and Vc. Both V| and VVeaare in phase opposition
(180° out of phase)

6. Add that with VRby law of parallelegram to getsupply voltage.

The phasor diagram depends on-theseondition of magnitude of V| and Vc
which ultimately depends on values-@feX¢ ‘and Xc.
Let us consider different cases:
Case(i): XL > Xc

When X | > Xc
Also V> Vc (or) IXL >%Xc

So, resultant of W43and Ve will directed towards V. i.e. leading current I.
Hence | lags V i.e, gurrent | will lags the resultant of V| and Vc i.e. (V. - Vo).
The circuit is saiehto be inductive in nature.
From voltage triangle,

V =+ (V&2 + (VL - Vc) 2 =V ((IR) 2+ (IXL — IXc) ?)

V =1+ (R2+ (X_-Xc)?)

V=I1Z

Z =~ (R%+ (X_- Xc)?)
If,V=VmSinwt ; i=ImSin (wt- ¢)
1.e [ lags V by angle ¢
Case(ii): XL < Xc
When X, < Xc

Also Vi <Vc (or) IXL < IXc
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Hence the resultant of V. and V¢ will directed towards Vc i.e current is said to
be capacitive in nature Form voltage triangle

V= (V&: + (Ve = V1)?) =V ((IR) *+ (IX. - IX1)?)
V=IVR + (X.-Xp)?)
V=IZ
Z=(R*+ Xc-X1)?)

If, V=Vm Sin wt ; 1=1Im Sin (wt + ¢)

1.e I lags V by angle ¢

i.e [ lags V by angle ¢
Case(iii): XL = Xc

When X = Xc

Also V. =Vc (or) IX, =IXc

So V. and Vc cancel each other and the resultant is zero.%So V = Vr in such a
case, the circuit is purely resistive in nature.

Impedance:
In general for RLC series circuit impedance s given by,
Z=R+)X
X = X, — Xc = Total reactance 0f the circuit

If XL >Xc; X is positivg'&gcircuit is Inductive

If XL<Xc; X is negative™& circuit is Capacitive

If XL =Xc; X =0 & circditds purely Resistive
Tan ¢ = [(XL - XW)/R]
Cos ¢ = [RZ{
Z =~ (RZ+4 - Xc) )

Impedance triangle:

In both cases R=ZCos ¢

X=7ZSind

Power and power triangle:
The average power consumed by circuit is,

Pavg = (Average power consumed by R) + (Average power
consumed by L) + (Average power consumed by C)

Pavg = Power taken by R = I’R = I(IR) = VI
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V=V Cos ¢
P=VICos ¢
Thus, for any condition, X, > Xc or X < Xc General power can be expressed as

P = Voltage x Component in phase with voltage
Power triangle:
S = Apparent power = 1°Z = VI
P = Real or True power = VI Cos ¢ = Active power

Q = Reactive power = VI Sin ¢

1. An alternating current of frequency 60Hz has a maximum value of 12A

1. Write down value of current for instantaneousywalues
2. Find the value of current after 17360 second
3. Time taken to reach 9.6A for the first time,

In the above cases assume that time is reckoned as’zero when current wave
Is passing through zero and increase in positive<direction.

Solution:

Given:

F = 60Hz

Im = 12A

W =2nf=2nx 60 =377 radisec

(). Equation of instantaneous value is i = Im Sin wt
I =12 Sin37#

(11). t = 1360sec

i=12 Sin (377/360) = 12 Sin 1.0472 = 10.3924 A

i =10.3924 A

(iii). i=9.6 A
9.6 =12 Sin 377t Sin377t = 0.8 377t = 0.9272

2. A 50 Hz, t = 2.459 x 10°%sec alternating voltage of 150V (rms) is applied
independently

a. Resistance of 10Q
b. Inductance of 0.2H
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c. Capacitance of 50uF

Find the expression for the instantaneous current in each case. Draw
the phasor diagram in each case.

Solution:
Given,

F =50Hz
V=150V

Vm=+2 Vmms= +2 x150=212.13V

Case (i):
R=10Q
Im=VmR=212.13/10=21.213
For pure resistive current circuit phase different
O =0
1=Im Sin wt = Im Sin 2xft
Im=VmR =212.13/10=21.213
¢ =0

For pure resistive current circuit phase different” ¢

I =Im Sin wt = Im Sin 2xft
I =21.213 Sin (100 ©t) A

Phasor diagram: Case (ii):

L=0.2H

XL =wL =2#fL X, = 2rx 50 x0.2

XL =62.83Q

Im = VvX = 24241962.83 = 3.37A

® A =-90°=n2 rad

In pure Inductive circuit, | lags V by 90 degree i= Im Sin (wt -) A

i=3.37 Sin ® (wt - ®) A
i =3.37 Sin (100 it - v2) A

Phasor diagram
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A
>

v

Case(iii):
C= 50uf

Xc =1wC = 12=fC
Xc = 12n x 50x 50 x 10%) = 63.66Q \
Im=Vm/Xc=212.1363.66 =3.33 A @

In pure capacitive circuit, current leads voltage by 900
L 4

=900 =2 rad

Q
S

1=23.33 Sin (Wt +¢ ) $
=333 Sm(1oe~$n/2

Phasor Diagram:

i=ImSin (wt+p )A
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3. An alternating current i= 414 Sin (27 x 50 x t) A is passed through a series
circuit of a resistance of 100 ohm and an inductance of 0.31831 H. find the
expression for the instantaneous values of voltage across,

a. The resistance ,

b. Inductance

c. Capacitance

Solution:
fi -l’
= R
- C_) ‘|
= L
I
Given
1=414Sin Qe x 50 t) A
R=100Q
L=0.31831H

XL=2nx50x0.31831 =100 Q
(i) Voltage across Resistance:

Vr=1R =1.414 sin 2n x 50 t) x 100

Ver=141.4Sin 2nx 50 t) V
R.m.s value of Vg = 141440100 V

@ =0°
Vi = 100£0%% 100+ jO V

(i) Voltage across Inductance:

VL =i X = 1.414 Sin (27 x 50 t +90°) x 100
VL = 141.4 Sin 21 x 50 t + 90°) V
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R.m.s value of VL= 141.4/3/2 =100 V, ®=90°
VL= 100290° = 0— j100 V

V=Vg+VL=100+j0+ 0+ 100

V=100+j100=14142 245"V

Vm=+2 x14142=200V

V=200 Sin(2rx 50t +45°) V

2"

N

4. The wave form of the voltage and current of4 cig€uit are given by
e= 120 Sin (314 t)
i= 10 Sin (314 t + 6)

Calculate the value of resistance, Ca&’wce which is connected in series to
form the circuit. Also, Draw w s for current, voltage and phasor
diagram. Calculate power co by the circuit.

Solution: &.
N
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Given:
V=120Sin (314 t) ¥ Vm=120V; 2nf=314;
1=10 Sin (314 + w6) 4 Im=10A d=30°

V=Vn/a2 =120//2 =8485V
I=Im/\2 =102 =707 A
2| = VA=84.45707=12 Q

Z=122-30°— As current leads by 30°
Ckt 1s RC series Circuit is capacitive nature.

® =-Ve

Z=12/-30°=10.393— j;6Q2 use P é’
Z=R —j Xe Q
R=10393;:Xc=6Q

Xe - V2xfC Q’\/

6= 12n x50 x C)

C =530.45 uF @
P=VICos ® =8485x7. ;@k 30°
P=519.52

,Q(b

5. A resistance of I%and a capacitive reactance of 250€) are connected in
series across a age source. If a current 0.9 A is flowing in the circuit
find out,

(). Power factor

(ii). Supply voltage

(iii). Voltage across resistance and capacitance

(iv). Active power and reactive power

Solution:

Given:

R =120Q
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Xe=250Q

I=09A.
Z=R-jXc=120-250)=277.308-64.358
Power factor:

Cos® = Cos(—64.358) = 0.4327Leading

Supply Voltag:
V=1Z2=09x277.308 £L—-64.358
V=2495772 £ -64358° V

Vgr and Ve:

Vr=IR09x 120=108 V
Ve=1Xc=0.9x250=225V
Active power and Reactive power:

P=VICos ® =249.5772 x 0.9x 04327 =
Q= VISin ®=247.5772 x 0.9 x Sin(- 64 35 = -202 498 VAR

- Ve Sign — Leading nature

6. A series circuit consisting 0 resistor, 64mH inductor and 80uF

the current, Voltage acro

capacitor to a 110V, 50Hz hase supply as shown in fig. Calculate
dual element and overall p.f of the circuit.

Draw a neat phasor di showmg

N
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i
y

l

= (D -

Solution:

R=25Q

L=64mH

C = 80uF

X =2nfL=2nx50x64x 10°=20.10 Q

Xc = 127fC = U2 x 50 x 80 x 10 )=39.78
Z=R+jXL—jXc

=25+j20.10—j39.78 Q
Z=(25-j19.68) Q /1/.

=z = 110£0° = =
[=V/Z 55— 1968 IQ/(M.SIA 3820°)
Z=(25-j19.68) ®®

I1=V/Z=34580 A

Vr=1IR (3.4580£38 5)= 86.45/3820° V
Vi=1) XL =(3.4580288.20°)(j 20.10)
°)(20.10£90°

VL=69.50 £

' 3.4580£38.20°)(-j 39.78)

£38.20°)(38.782—-90°)
=134.10 £-159°V

V= 110£0°Volts

Cos® = Cos38.20° =0.7858 Leading

7. A series circuit having pure resistance of 40 , pure inductance of 50.07mH
and a capacitance is connected across a 400V, 50Hz Ac supply. ThisR, L, C
combination draws a current of 10A. Calculate

1. Power factor of circuit
2. Capacitor value
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Solution:

Solution: 5

y

|
;
<+::

Given:
R=400Q o =2

L =50.07mH =2 -
C="7
V=400V
f=50 Hz
[=10A
XL=X;=2afL=2xx50x5007x10°=1573Q

Xc = 12nfC

7= R3JOL—~Xe) é\'
12| = V(R? + (XL - X)) O

1Z| = V41| = 40010 =400 ‘

40 = V( 40% + (15.73 = Xc)?) ‘Q
40> =40+ (15.73 - Xc)? @
Xe=1573-Q @
2afC=1573 = Qoznfxls.m
0>
)

C=2.023x 10"

Z=40+j(1573-1 =40+30 Q
Z =40 £0°Q) S

Power factor =Cos0°=1.

1) What is time@ant? Explain time constant in case of series RL circuit.

Or
2) A series RL circuit with initial current lo in the inductor is connected to a

dc voltage V at t = 0. Derive the expression for instantaneous current through
the Inductor for t>0.

Or
3) Explain in brief about the step response of series RL circuits.

The response or the output of the series RL and RC circuits driven dc
excitations is called step response of the network.

Consider that a dc voltage is applied to any general network through a switch k

as shown
in fig.
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|

d
v

Initially switch k is kept open for very long time. So no voltage is applied to

the network. Thus the voltage at input-terminals of network is zero. So we can
write voltage across terminals A and B V

U

() is zero. When the switch k is closed at t=0, the dc voltage v gets applied to the
network. The voltage across terminals A and B suddenly or instantaneously rises
to voltage V. the variation of voltage across terminals +1 and"B against time t as
shown in fig (b).

In fig (b) it is observed that at t=0, there is,a steprof V volts. Such signal
or function is called step function. We can defing.Step function as

Ve =V.t>0
=0:1<0

When the magnitude of the voltage applied“is 1 volt then the function is called
unit step function.

When the circuits are driveq by driving sources, then such circuits are called
driven circuits. When the, Circuits are without such driving sources, then such
circuits are called undriven, Circuits or

source free circuits.

Step response ofDriver series RL circuit:-
Consider a series RL circuit.

At t=07, switch k is about to close but not fully closed. As voltage is not applied
to the circuit, current in the circuit will be zero.

i, ¢ >0

In this current through inductor can not change instantaneously.

i, € >0

Let initial current through inductor can be represented as lo. in above case Iy is
zero. Assume that switch Kk is closed at t =0.
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Io =0

K—O}+k'
R

ln[%]_:k'
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sub values of k™ in eqn 2 we get

Rt Vo %
Tl T | —
L R R

l/
R R
—t=In —=2=—
T

LR
Take anti log

V
k. a3
P

- -
R L

S %
Term V/R = steady state cur@

2
e L=

R Transient ﬂ@)f solution of current.
L 2

Inchced Voltage (V) _,

‘ﬁlne(a) — Tme (s) —
(a) nmouced voltage transient (b)) Rasistor voltage transiaent

CUM(N —— =

Teme (S) —— 1t
{c) Currant trransisemt

From above fig (a) shows variation of current I with respect to
time (t) i.e. current increases exponentially with respect to time. The rising current
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produces rising flux, which induces emf in coil. According to Lens’s law, the self
induced emf opposes the flow of current. Because of this induced emf and its
opposition, the current in the coil don’t reach its max value.

The point p shown on graph indicates that current in circuit rises to 0.632
time’s maximum value of current in steady state.

“the time required for the current to rise to the 0.632 of its final value is known
as time constant of given RL circuit. The time constant is denoted by z”. Thus
for series RL circuit, time constant is

R
T=—secC
/ #

The initial rate of rise of current is large up to first timeconstant. At later
stage, the rate of rise of current reduces.

Theoretically | reach maximum value after infinite time.
Voltage across inductor L is given by

V, =Ve L volts
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