Chapter 11

Stability of Linear Systems

11.1 Some Definitions

The following definitions of stability are relevant to linear time invariant (LTI) systems.

Stable: An LTI system is stable if and only if its natural response approaches zero as
time — oo.

Unstable: An LTI system is unstable if and only if its natural response grows without
bound as time — oco.

Marginally stable: An LTI system is marginally stable if and only if its natural response
neither grows nor approaches zero as time — oo (for example, a sinusoidal response).

What is a natural response of a system?

The natural response of a system is the response which is not due to any input, but only
that which is due to initial conditions.

An Ezample:

Consider a first-order system:

T+ axr = br
Taking Laplace transform on both sides,
sX(s) —x(0) +aX(s) = bR(s)
Let » = 0, then R(s) = 0.

X(s) =
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Figure 11.1: Stable and unstable natural response of the example system

This is the natural response of the system.
Another Example:

Consider the following system, when the input r(¢) is zero.

i+ Wr=br=0
= 52X (s) — 2(0) — s2(0) + w?X(s) =0
sz(0) z(0)
2+ w?  s?4w?

= X(s) =
So,
2(0)

z(t) = x(0) coswt + —= sinwt
w

Sa,
(0)

z(t) = ©{0) coswt + —sinwt
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Figure 11.2: Marginally stable natural response of the example system

The system has bounded response, but is marginally stable.
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S-plane interpretation of stability

Pole location Natural Response Stability

Left half s-plane Exponential decay Stable
or damped oscillations

Right half s-plane | Exponential increase or Unstable

oscillations with exponentially
increasing magnitude

On imaginary axis

Multiplicity = 1 Sinusoidal response Marginally stable
Multiplicity > 1 Response of the type Unstable
tsin(wt + ¢)
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Figure 11.3: Interpretation of stability in the s-plane

11.2 Hurwitz Determinants

The Hurwitz stability test is the most useful for testing the stability of large-order LTI
systems.

Let,

N(s) 8™ +by_18™ "+ +bis+ by
D(s)  s"4ap18" 4+ ars+ag

The system given by G(s) is stable iff (if and only if) all the roots of its characteristic
equation D(s) = 0 are on the left hand side of the s-plane. But it is not always easy to
find the roots, especially for high order polynomials. In fact, when you are designing a
controller, you will find that the coefficients a; are functions of some design parameters,
which would imply that the only way you could check for stability using this method
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would be to assume some values for these parameters, evaluate the coefficients, and then
compute the roots. This procedure needs to be repeated several times before you can
arrive at satisfactory value of the parameters. This is a cumbersome process indeed.

A necessary condition for stability.
If the system is stable then all the coefficients ag, a4, ..., a, are positive.
We can show this by the following analysis:

Let the factors of the characteristic polynomial be,

D(s) = TI(s+aw) [Il(s +5))* + ;]

= I+ o) TIIs" + 2655 + (8] + 7))

Since a; and f; are both positive (since the poles are on the left hand s-plane), the
coefficients of D(s) will all be positive.

Note that the above is not a sufficient condition. So,
Stability = All coefficients of characteristic polynomial are positive.
All coefficients of characteristic polynomial are positive % Stability.

Some coefficients of characteristic polynomial are negative or zero = Unstable.

An Example:

D(s) = s*+s*+11s+ 51
= (s+3)(s*—2s+17)
So,
pr=—3, pp3=1%74

which means that the system is unstable.

Hurwitz Test

This test provides a necessary and sufficient condition for stability.

1. Let G(s) = gg;, where

D(s) = ags" 4+ ar8" " + agsn — 24+ an_15 + an
(Note that the notation is slightly different).
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2. Form the Hurwitz determinants as follows (put 0’ for undefined coefficients):

a; as
D1 = Qa; Dzzdet
ap az
a; asz as G
a1 as as 3 a5 ar
ap a2 G4 Qag
Dy = det|ayg ay a4 |; Dy =det
0 a] az as
0 a; as

a; az a5 ary
apg a2 Q4 Qg
0 ay as as
Dn = det 0 ap Gy Gy

O O O O

0O 0 0 0 0 a,
Note that an n-th order system will have n Hurwitz determinants.

3. The roots of D(s) will all have negative real parts iff all the Hurwitz determinants
Dy, D,, ..., D, are positive. That is, none of them are zero or negative.

An Example:

D(s) = s*+s*+11s+51

= aos3 + a132 + ass + ag

So, the Hurwitz determinants are,

D1 = (11:1
. ap as | 1 51 o . _
Dy = det a @’-det‘l 11‘_11 51 = —-40 <0
ay das 0 1 51 0
D; = det|ag ap 0 |=det|1 11 0 |[=1(11 x 51) —51(51) = —40 x 51 < 0
0 a; as 0 1 51

Since Dy and D3 are negative, the system is unstable. In fact,
s* + 5%+ 11s+ 51 = (s + 3)(s* — 25 + 17)
which has poles at,

p1 = —3, P23 = I+74
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Hurwitz determinants are not independent of each other. For example, for a 4th order
system you don’t need to compute D, to know its sign.

Consider a fourth order system,

D(s) = aps* 4+ a15® + azs® + ass + a4

Then,
a; as 0 0 a1 as 0
| ap G2 a4 0 o .
Dy = =ay| ag ay aq | = asDs
0 ay; das 0 0 a a
1 as

0 ag QA Qg

So, if D3 > 0 and a4 > 0 (as it should be when the system is stable) then D, > 0 too.

In fact, a general result says that you need to check only half the Hurwitz determinants
(either the odd numbered ones or the even numbered ones).

Lienard-Chipart Criterion: A polynomial with real positive coefficients has roots with
negative real parts if and only if either all the even Hurwitz detrminants are positive or
all the odd Hurwitz determinants are positive.

11.3 Routh-Hurwitz Criterion

The Routh-Hurwitz criterion is an off-shoot of the Hurwitz determinants idea, but makes
the computations much simpler through what is known as a Routh table.

The best way to demonstrate the formation of the Routh table is through an example.
Consider a sixth order system.

D(s) = aps® 4+ a15° + ags* + ass® + ays® + ass' + ag

The Routh table or Routh array is formed as follows:
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s° Qo Q2 Qy Qg
85 ay as as 0
gt wmas—acas _ A aaa—agas _ R @ag—agx0 _ ag 0
ail al al
$3 Aa31—4alB —C Aa51—4a1a6 - D A><01—4a1><0 -0 0
g2 CBE'AD — B Ca6E‘AX0 = ag 0 0
81 EDE;CGS — F EXOECXO =0 0 0
g0 F(ZG;?EXO = ag 0 0 0

The figure below shows the operation in the first two rows.

a0 o () (7 22 G4 ag

a, as as 0

Figure 11.4: Operation in the first two rows of the Routh table

This is called the Routh array.
Now, look at the sign of the numbers in the first column of the Routh array.
1. If all the elements of the first column of the Routh array are of the same sign
(usually positive) then all the roots are on the left hand side of the s-plane.
2. If there are changes in sign, then the number of sign changes indicates the number

of roots with positive real parts.

What is the relation between the Hurwitz determinants and the Routh table?

It can be shown that for the sixth order system, each term in the first column of the
Routh array has the following relationship with the corresponding Hurwitz determinants.

apg = AQo
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Dy
A = —
Dy
Ds
c = =
D,
Dy
E = 2
D
Ds
F = =
Dy
g = D5

An Example:

D(s) = s*+s*+11s+51

a033 + a132 + ass + asg

The Routh array is,

s3 1 11
52 1 51
st 11;751 = —40 0
50 51 0

So, the system is unstable, and since there are two sign changes, there are two poles on
the right hand side of the s-plane.

Remember that this system has poles

p1 = —3, P23 = I+74



