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Abstract. We consider initial value problems for differential equations of fractional order with uncertainty and present the theory
and some numerical methods to solve such type of problems under generalized differentiability conditions. The main tool is Banach
fixed point theorem. Also we study the numerical approximation of the solutions of a fuzzy fractional initial value problem by
using product trapezoidal and product rectangle formulas; the convergence of the numerical scheme is analyzed rigorously. Finally
some numerical examples are provided to illustrate the applicability and usefulness of the obtained results.
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1. Introduction

Differential equations of fractional order have been
the focus of many studies due to their frequent
appearance in various applications in fluid mechan-
ics, viscoelasticity, biology, physics and engineering.
Recently a large amount of literature has been devel-
oped concerning the application of fuzzy fractional
differential equations in other fields and related math-
ematical tools and techniques could be found in [2, 6,
9-11, 13, 14, 17].

In recent years, only few works have been reported
on the development of theory and applications of
fuzzy fractional differential equations. For instance,
the existence and uniqueness results for fractional
integral and differential equations with uncertainty
and second-order fuzzy Volterra integrodifferential
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equations with kernel are proposed in [5, 16, 18]. Senol
[19] proved the frequency boundary of fractional order
systems with nonlinear uncertainties. Agarwal et al.
[2] and Khastan et al. [10] have proposed the con-
cept of solutions for fractional differential equations
with uncertainty by considering Riemann-Liouville
differentiability to solve fuzzy fractional differential
equations. Further Allahviranloo et al. [4] investigated
the explicit solutions of uncertain fractional differential
equations under Riemann-Liouville H-differentiability
using Mittag-Leffler functions and using a tau method
with Jacobi polynomials for the solution of linear frac-
tional differential equations based on the Caputo’s
H-differentiability [3].

The numerical methods have been developed for
finding the solution of fuzzy fractional initial value
problems by using the generalized Taylor’s formula to
¥(xj4+1) about x; and neglecting the second order term
(involving 42#) in [14]. But the generalized Taylor’s
formula depends on the lower limit of the integral in
the definition of fractional derivative.
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Motivated by the above facts, in this paper study with
the initial value problems for differential equations of
fractional order with uncertainty and present the theory
and some numerical methods to solve such type of prob-
lems under generalized differentiability conditions. The
methods presented use the properties of fractional inte-
gral operators and a Banach fixed point theorem.

This paper deals with the existence and numeri-
cal solutions of fuzzy fractional initial value problems
under generalized differentiability concept. In order to
obtain the existence of solutions for fuzzy fractional
initial value problem, we use Banach fixed point theo-
rem. Further we show that the numerical solutions of
fractional initial value problems obtained by product
trapezoidal and product rectangle formulas are more
accurate and agree well with the exact solutions. Finally
the proposed methods are used to solve two examples.

2. Preliminaries

We denote by R the class of fuzzy subsets u : R —
[0, 1] satisfying the following properties:

(1) u is normal, that is, there exist xop € R with
u(xg) = 1.
(i) u is a convex fuzzy set, that is,

u(rx + (1 — 2)y) = min{u(x), u(y)},
Vx,y € R, VA € [0, 1].

(iii) u is upper semi-continuous on R.
@iv) cl{x € Rju(x) > 0}iscompact where cldenotes
the closure of a subset.

Then RpF is called the space of fuzzy numbers. For
0<a<1, set [u]*={s € Rlu(s) > a} and [u]° =
{s € Rlu(s) > 0}. Then the o- level set [u]“ is a non-
empty compact interval for all 0 <« <1 and any
u € Rr. The notation [u]* = [u*, u*] denotes explic-
itly the a-level set of u. We refer to u and u as the lower
and upper branches on u respectively.

For u € R, we define the length of u by: len(u) =
uw—u. For u,ve Rr and A € R, the sum u + v and
the product Au are defined by [u + v]¥ = [u]* +
[v1*, [Au]® = Alul]*, V a € [0, 1] where [u]¥ + [v]*
means the usual addition of two intervals (subsets) of
R and A[u]® means the usual product between a scalar
and a subset of R.

The metric structure is given by the Hausdorff dis-
tance d : R x R — Ry U {0} defined by

d(u,v) = sup max{| u®* —v* |, | 7% —v" |}.
ael0,1]

Then it is easy to see that d is a metric in Rr and has
the following properties:

) dlu+ w, v+ w) = d(u, v),

) d(hu, Av) = |Ald(u, v),

(3) d(uy + vy, uz + v2) < d(uy, uz) + d(vy, v2),
(4) (Rp, d) is a complete metric space,

forall u,v, w € Rr and A € R.

Definition 2.1. Let x, y € Rp. If there exists z € Rp
such that x = y + z then z is called the H-difference of
x, y and it is denoted x © y.

Throughout this paper, the sign “©” always stands
for the H-difference and we remark that x © y # x +
(—=Dy in general. Usually we denote x + (—1)y by
x — y.In the sequel, we fix I = [a, b], fora, b € R.

Definition 2.2. Let F : I — Ry and fix 79 € (a, b). We
say that F is (1)-differentiable at #y, if there exists an
element F'(19) € Ry such that for all & > 0 sufficiently
near to 0 such that F(tg + h) © F(ty), F(ty) © F(tg —
h) and the limits (in the metric D)

. F@to+h)e F() F(tg) © F(to — h)
lim = lim
h—0+ h h—0t h

= F'(tp) exist.

We say that F is (2)-differentiable if for all 4 > O suf-
ficiently near to O such that F(#p) © F(ty + h), F(to —
h) © F(ty) and the limits (in the metric D)
. F(to)© F(to + h) . F(to —h)© F(1)
lim = lim
h—0+ —h h—0+ —h

= F'(t) exist.

If 79 is the end point of 7, then we consider the corre-
sponding one-sided derivative.

Theorem 2.1. [21] Let F : [0, 0c0) — Rp. Assume that
FYx) and fa(x) are Riemann-integrable on |a, b]
for every b < a and assume that there are two pos-
itive functions M®, M" such that | ab F*(x)dx < M“
and fffa(x)dx <M” for every b < a. Then F(x) is
improper fuzzy Riemann-integrable on [a, 00) and the
improper fuzzy Riemann-integral is a fuzzy number.
Furthermore
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[ / - F(x)dx} = [ / - FY(x)dx, / - F“(x)dx] )
0 0 0

Theorem 2.2. Let F,G : [ — Ry be integrable and
A €R. Then

L. [[(F(x)+ Gx)dx = [, F(x)dx + [, G(x)dx
2. [;AF(x)dx = A [, F(x)dx
3. x > d(F(x), G(x)) is integrable

4. d ([F)dx, [, G)dx) < [d(F(x), G(x))dx.

3. Fractional integral and fractional derivative
of fuzzy number valued function

The space of all continuous fuzzy number valued
functions on I, the space of all absolutely continuous
fuzzy number valued functions on I and the space of
all Lebesgue integrable fuzzy number valued functions
on [ are respectively denoted by C(I), (AC)F(I) and
L¥(I). Throughout this paper, let 8 € (0, 1).

Definition 3.1. [10] Let f € L¥(I). The Riemann-
Liouville fractional integral of order § of the fuzzy
number valued function f is defined as follows:

A,
LB Jo x—8F

where I'(B) is the well-known Gamma function.

JBf(x) =

dé, x> a,

Theorem 3.1. [1, 6] Let f € L¥(I). The Riemann-
Liouville fractional integral of order B of the fuzzy
number valued function f, based on its a-cut repre-
sentation, can be expressed as

—a

{Jff(x)r = [ina(x)’ Jff x|, x>a,
where
1 R (3]
L) Jo (x—81-F

o G
B —
170 =75 || Gt

T f(x) =

dé,

Definition 3.2. [12, 15, 20] If f e AC(), then
Riemann-Liouville fractional derivative of order 8 of

the crisp function f exists almost everywhere on I and
can be represented by

1 d [*
RL pf — —_ & h
aD"f(x) = N dx/a JEx — &) PdE.

Note that Riemann-Liouville fractional derivative of
order S of f is the first order derivative of the fractional
integral 1 — g of f.

Definition 3.3. [12, 15, 20] If f € AC({), then Caputo
fractional derivative of order § of the crisp function f
exists almost everywhere on I and can be represented
by

1 X
D0 = | £ O -0

Note that Caputo fractional derivative of order g of f
is the fractional integral 1 — B of the first order deriva-
tive of f.

Definition 3.4. [14] Let f € (AC)F(I) and

G(x) = r(%ﬂ) / ) fE(x — &7 Pdg, forx > a.

If the fuzzy number valued function G is (i) differ-
entiable, then Riemann-Liouville fractional derivative
of order B of the fuzzy number valued function f
exists almost everywhere on I and can be repre-
sented by RLan flx) = %G(x). If the fuzzy number
valued function G is (ii) differentiable, then Riemann-
Liouville fractional derivative of order g of the fuzzy
number valued function f exists almost everywhere on
I and can be represented by RLaDg fx) = %G(x).

Definition 3.5. [14] Let f € (AC)F (). Then f is said
to be the Caputo fractional differentiable, fuzzy number
valued function of order 8 at x € (a, b), if

1 X
C np _ / _ 5B
D f(x)_I‘(l—ﬂ)/a & -9~ Fas.

If the fuzzy number valued function f is (i) differen-

tiable, then f is said to be Caputo differentiable in the
first form and denoted by aCD’lS f). If f(x)is (i1) dif-
ferentiable, then f is said to be Caputo differentiable in

the second form and denoted by SDg fx).

Theorem 3.2. [14] Let f(x) € (AC) ()N LF(D).
[FO1 = [f4(x), F ()], for x € (a, b).
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(1) If f(x)is a Caputo fractional differentiable fuzzy
number valued function in the first form, then

[€DP foy1 = [SDP (), ED 7).

@1i) If f(x) is a Caputo fractional differentiable fuzzy
number valued function in the second form, then

[€ D4 01 = [€DFF (), €D’ f2(o)1.

4. Fuzzy fractional initial value problem

In this section, existence of two solutions of fuzzy
fractional initial value problem (FFIVP) under general-
ized differentiability by Banach fixed point theorem is
presented. The predictor-corrector method for solving
fuzzy fractional initial value problem is also be pre-
sented. The productrectangle rule is used as a prediction
at each step and the product trapezoidal rule is used to
make correction to obtain value at each step.

Consider the FFIVP

CDPy(x) = f(x,y), Be(0,1), W
y(a) = Yo, XGI, )’O’YGRF

Definition 4.1. Let y: I — Rr and n € {1, 2}. We
say that y is an n-solution for problem (1) on I, if

ng y exists almost everywhere on / and aCDf y(x) =
JGx, y(x)), y(@) = yo.

Lemma 4.1. If the function f is continuous, then the
FFIVP (1) is equivalent to the following integral equa-
tions

y(x)_y“r(ﬂ)/ e

if y(x) is Caputo differentiable of form CD’3 y(x) and

-1 (" f@ @)
B Jo (x—0!F

if y(x) is Caputo differentiable of form CDﬂ 5 y(x).

S @ =g, @)

dt, y(a@) = yo, (3)

Y(X) =y ©

Theorem4.2. Let Ry = I x B(yo, q),q > 0, yo € Rp,
where B(yo,q) ={y € Rr : d(y, yo) < q} denotes a
closed ball in Rp. Assume that f(x, y(x)) is a continu-
ous function on I x B(yq, q) such that d, flx,y) =
I fCe, WII <M for all (x,y) € Ry. Let f satisfy the
Lipschitz condition d(f(x, y), f(x, 2)) < Ld(y, z), for

all (x,y),(x,z) € Rowith L < lgb(fi“;)l,g) andd(y,z) < q.

Then the integral equations (2) and (3) have unique

1
solution on [a,r] where r = min [b, (%) g + a]

proof. lLet O<n<r and define U={ye
Crla, nl; d(y, yo) < q}. (U,d) is a complete metric
space. Here T is an operator on U and defined
by

Ty(x) = yo + @ / (r — 0P £, y(0)dr.

Toprovethat Tmap U intoU.Lety € Uanda < x1 <
x2 <b.

d(Ty(x1), Ty(x2))

1o
— Y
_d(r( 5 | =0 s

— bl
= / (2 = 0P~ £, y(0)dr)

1
< ([ = 0P o

X1
| =0 o)

+@d ( / (2 — 0P f, y(z))dt>

= W}) / d((x1 — 0P f(e, y()),
(xa — P f(t, ()t
+%ﬂ) / (2 — DF1d (D, £t ye)dr

1
- _
=< ' B) |(x1 =)

—(x2 — PN f (@, y(0)), O)dr

=t '),
—(x2 — ) " Hydr + %(n —x1)?)

2M

= _ B
< F(,3+1)(x2 xp)’.
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Thus 7Ty is continuous. Also

d(Ty(x), yo) = T ﬂ) ( / (x — P71 ft, y@))dt, 0)

IA

@ /a (x—0f"ld (f(t, (1)), ()) dt

ﬂ/x(x—t)ﬁ*'dt
e /.

b-af <q.

IA

<
“r+1

Thus 7 maps U into U. Next we show that T is a
contraction. In fact, for y;, y» € Crla, nl,

d (Ty1 (x), Tyz(x))

= F(ﬂ) < / (x = f @, @)t

/ x =t fa, yz(f))dl‘)

< F(,B)/ (X—t)ﬁ ld(f(l‘ yvi(®), f(t, y2(2))) dt
§Ld(y1’y2)( —af.
rB+1

By the Banach contraction principle, T has a unique
fixed point which is a solution of the integral equation
(2). Here T is an operator on U and defined by

dt.

N A [ (370)
W =08 5 |, G—ni

By the invariance of translation of distance d and using
d(Au, Av) = |A|d(u, v), T| satisfies the conditions for
Banach contraction principle; so 77 has a unique fixed
point which is a solution of the integral equation (3). [

Theorem 4.3. We consider the FFIVP (1) where f :
I x Rp — Rp is such that

() Lf I = 1%, 3, 9), Fr(x 3, D

(i) {f%ael0,11} and {f;ae[0,1]} are
equicontinuous (that is, for any € >0
and any (x,y,z) €l X R2, we have |i°‘
x v, 2= fA L yn )l <6 [F 0y ) -
?a(xl, yi,z)l <& Vael[0,1], whenever

l(x1, y1,21) — (X, ¥, Dl < 8) and uniformly
bounded on any bounded set;

(ii1) There exists L > O such that
|40 v, 21) = f(x, 2, 22)]
< Lmax{|yr — y2l, [z1 — 22|} Ve € [0, 1],
175G vz = F(x v2. 22)]
< Lmax{|y; — y2[, |z1 — 22|} Ve € [0, 1].

Then the FFIVP (1) is equivalent to the following sys-
tems of fractional ordinary differential equations

EDFy* (@) = Lf(xr, WIF = F(x, y*, 79,
ED (0 = [f 0 1" = Gy, 7), ¢ @
W@ =) F@=3 xel
EDNy (x) = [f(x, pI" = G(x, y*, 7).
EDIY () = [f(x, )I* = Flx, y*, 7, ¢ )
Y*(a) =)y Y@=5y; xel

when y is Caputo differentiable in the first form and
second form respectively.

proof. The equicontinuity of f¢, 7 implies the conti-
nuity of the function f. Further the Lipschitz property
in (iii) ensures that f satisfies a Lipschitz property in
the following form

sup max{| f%(x, Y%, 3%) — f(x, 2%, 7%,
ael0,1] - - -
1750y, ) = (2%, 7))
<L sup max{ly* —z%, | —2%};
ael0,1] -

that is,

d(f(x,y), f(x,2)) = Ld(y, 2). (6)

By the continuity of f, from the last Lipschitz condi-
tion, boundedness condition (ii) and Theorem 4.2, it
follows that (1) has two solutions y, ¥ corresponding
to Caputo differentiability in the first form and sec-
ond form respectively. By Theorem 3.1, the functions
y*(x) and y*(x) are differentiable in the first and $(x)
and § “(x) are differentiable in the second forms and
as conclusion (y"‘(x) y*(x)) is a solution of (4) and
%), ¥ (x)) is a solution of (5).
~ Conversely, we suppose that we have a solution
y*(x), y*(x) witha € [0, 1] of the system (4) and a solu-
tion $*(x), §a(x) with o € [0, 1] fixed of the system (5).
Also the Lipschitz condition (6) implies the existence
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of two solutions z, Z of the FFIVP (1) for Caputo-
differentiable in the first and second forms respectively.
Since z is Caputo -differentiable of form gD’f z(x),
(z%, z%) the end points of z* is a solution of (4). Since
the solution of (4) is unique, we have z% = [z%,7%] =
[y*, "], that is, the problem (1) and (4) are equivalent
when y is Caputo -differentiable of form CDﬂ y(x). Sim-
ilarly when ¥ is Caputo-differentiable of form fsz y(x),
we have 2% = [, 3 = [3*, §a], that is, the problem
(1) and (5) are equivalent. O

Numerical method for (1) is the same for Caputo-
differentiable of the two forms. We assume that y is
Caputo -differentiable of form CDﬂ y(x).

The initial value problem (4) is equivalent to the
following integral equations:

Yix) = Ja F(x, y*,5%) + y*(a),
F@) = JLGlx, y*, 7 + (@), (7)
Ya) =y5, Y@ =3, xel

We introduce a uniform grid of points x; with x; =

jh, j=0,1,2,...m, where m is a positive integer,

h = bm;” is the mesh-width in . Exact and approxi-

mate solutions of (7) at the grid point x; are denoted
by (Y*(x;), y*(x;)) and (X‘j’,‘, ?}‘) respectively. Using
the product trapezoidal rule [7, 8] for the integral
JPe(x) (0 < B < 1), we obtain

J

1
JPe(xj) = ) ;ai, j8(x), (8)

where
(=D = P =1 = Bi=0,
W) G P =2 =i
Aij = o~ . 1 . Y
BB+D | +(—i-DF 1<i<j—1,
1, i=j
Then (8) and Theorem 3.1 give the corrector formulas

for (7) which is

j—1

Y= [Zai,jF(xi,zf‘,i‘,-")
i=0
B
+ g P 097, @‘;-‘)")] + (@)
' 9

Jj—1

7 = vl | Y 0G0 7

i=0

)/ o By
+mc(xj’(zj)p‘(yj)”)} +3%(@).

The remaining problem is the determination of the pre-
dictor formula required to calculate ( X‘}‘)p and (yj.‘)l’ .

We replace the integral Jf gx) (0< B<1) by the
product rectangle rule [7, 8]

j—1

1
Je(xy) = 0 Z b; jg(x;),
i=0
where

Wb
bij=—((j—Df —(—i—DP.

B

Thus the predictors (X‘;)P and (?;)P of (9) are deter-
mined by

j—1
(ya)p Y “(a) + F(,B) Zbl jF(xta ya yl)

i=0 (10)
j—1

GNP=3(@) + 155 > bijG i, Y5, 39,
i=0

4.1. Convergence

Theorem 4.4. [8] Let 7z € Cl[a, b). Then

j—1

l /0 =P 2©de = 3 by e

i=0

E”Z loox 1.

Theorem 4.5. [8] If z € C?[a, b], then there exists a
constant C depending only on B such that

xj j
‘ /0 (cj— &P 2®)ds = ai ja(x)

i=0

<l ||ooxf‘h2.

Theorem 4.6. Assume that f in FFIVP (l) sat-
isfies the assumptions (i)-(iii) in Theorem 4.3 and
assume that the solution y of FFIVP (1) is such
that
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X J1
/ (= 9 DAy @ds = Y by EDPY ()

“ i=0
<cidn, an

xj j—1
/ (=9 DI @ds = Y bij DY)

i=0

< cidn,

and

Xj J
/ (xj —&)F! gDﬂXa(g)dg — Za’ i¢pf Y (x0)

“ i=0
< Caxi?, (12)

Xj J
/ (=9 CDPF @ — Y @i DY)

i=0

< G,

with some > 0. Then we have

max |y*(x;) — )| = O(h?),

0<i<m
max [5%(u) = 5| = O, g = min(1 + 5,2)

proof. We show for sufficiently small %, that

[y* () — y7I < Arh?, 13)

¥ (x) = 37| < Azh?,

foralll € {0, 1,2,...m} where A, A, are constants.
The proof is based on mathematical induction. In
view of given initial condition, it is true for (Il =
0). Assume that it is true for some [ =j, j> 0.
We have to prove that the inequality is true for / =
j+ 1. To do this, we find the error of the predictor

(y(;'{+] )P,

(i) — % )P

=j+1

Xj+1

1
== (1 = &P, y*(9), Y (§)dg

J
- Zbi,jHF(xi,f,?f)

X j+1

1
(i1 — &P 'S DPy*(§)dE

J
= ) bi Dy (x)

i=0

J
Db | P 5, 30 - Fs, 4, 59)
i=0

J

Clxj+l ! .. LN
y 0(B) T'(B) 2 bi jrimax[|y*(x;) — y'l,

() — 3711

Cleﬂ

S b,
=T®) mg) Z o

s

< Clxj+1h n LA W

') T(B+1)

Let A = max{A, A>}; weused the Lipschitz condition
of F, the assumption on the error of the rectangle for-
mula and the fact that, by construction of the quadrature
formula underlying the predictor, b; ; > 0 for all i and
jand oo bijer = [0 (cjr — 9P 1dE < gbP.
Similarly

B
Pty y LA g
B rg+1)

The error analysis of the corrector formula gives

[V xjn) = 0501 <

ECTE

n

Xj+1

(i1 — &P F(E y*(©), Y (&))dg

J
- Z ai j1 F(xi, Y5, 97)

i=0

—F(Xj+1 s (X‘;_H)p, (y(;.,_l)p)

1 X”l ic
< o= (xje1 — E)TIEDPy (E)ds
jHl
= a1 Dy (x)
i=0
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Table 1

Numerical values of exact solutions X"‘(x N1 <j=<10)
X 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1.
0.1 0.743382 0.81772 0.892058  0.966396  1.04073  1.11507  1.18941 1.26375  1.33809  1.41243  1.48676
0.2 0.899509  0.989459 1.07941 1.16936 1.25931 1.34926  1.43921 1.52916  1.61912  1.70907  1.79902
0.3 1.05385 1.15923 1.26462 1.37 147539  1.58077 1.68616  1.79154  1.89693  2.00231 2.1077
0.4 1.21502 1.33652 1.45803 1.57953 1.70103  1.82253  1.94403  2.06554  2.18704  2.30854  2.43004
0.5 1.38714 1.52586 1.66457 1.80329 1.942 2.08071  2.21943  2.35814 249686  2.63557  2.77429
0.6 1.57311 1.73042 1.88773 2.04504 220235 235966 251697  2.67428  2.83159 2.9889 3.14621
0.7 1.7754 1.95294 2.13048 2.30802 2.48556 2.6631 2.84064  3.01818  3.19572  3.37326 3.5508
0.8 1.99642 2.19606 2.3957 2.59534 279499 299463  3.19427 339391 359355  3.79319  3.99284
0.9 2.23859 2.46245 2.68631 2.91017 3.13403 335789 358175 ¢+ 3.80561  4.02947  4.25333  4.47718
1 2.50449 2.75494 3.00539 3.25584 3.50629  3.75674  4.00718  4.25763  4.50808  4.75853  5.00898

Table 2

Numerical values of exact solutions y*(x;)(1 < j < 10)
X |o 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0 1.5 1.45 14 1.35 1.3 1.25 1.2 1.15 1.1 1.05 1.
0.1 2.23015 2.15581 2.08147 2.00713 1.93279 1.85845 1.78412 1.70978 1.63544 1.5611 1.48676
0.2 2.69853 2.60858 2.51862 2.42867 2.33872 2.24877 2.15882 2.06887 1.97892 1.88897 1.79902
0.3 3.16155 3.05616 2.95078 2.84539 2.74001 2.63462 2.52924 2.42385 2.31847 2.21308 2.1077
0.4 3.64506 3.52356 3.40206 3.28056 3.15906 3.03755 2.91605 2.79455 2.67305 2.55155 2.43004
0.5 4.16143 4.02271 3.884 3.74529 3.60657 3.46786 3.32914 3.19043 3.05171 2913 2.77429
0.6 4.71932 4.56201 4.4047 4.24739 4.09008 3.93277 3.77546 3.61814 3.46083 3.30352 3.14621
0.7 5.3262 5.14866 497112 4.79358 4.61604 4.4385 4.26096 4.08342 3.90588 3.72834 3.5508
0.8 5.98925 5.78961 5.58997 5.39033 5.19069 4.99104 47914 4.59176 4.39212 4.19248 3.99284
0.9 6.71578 6.49192 6.26806 6.0442 5.82034 5.59648 5.37262 5.14876 4.9249 4.70104 4.47718
1 7.51347 7.26302 7.01257 6.76212 6.51167 6.26123 6.01078 5.76033 5.50988 5.25943 5.00898

Cox; LA
J < F(gl h? FA 1)bﬂh" +
+ Z aj,j+1 |F(xi, YH(x), Y (x:)
i=0 p
! L Cl-xj_H + LA bﬁhq
rg+2 r rp+1
P 1 7) B+2)\ TH " TE+D
(I

| Flrjn, Y (), Y (xj41))

— F(xji1, (X‘;H)p, 050"

aj, j+1 max[|y*(x;) — y¥|,

- szf+l 2 L J

= TB) L(p) &
7Ce) — 311 + = max
YT g
741 — 32711
Gl LA <

h*+

<
"+ D r(g

L Cix

8
Jj+l1

hqz a;, j+1
) o

L(A) o

Tero \ T

rg+1

[y (xejen) — (X‘;H)pL

5. Numerical Examples

Example 1. We consider the linear fuzzy fractional
initial value problem of the form

§DPy(x) = y(x), 0< B <1, xel0,1],

(14)
¥(0) = (0.5a¢ 4+ 0.5, —=0.5a + 1.5),

where y(0) € Rp.
Case(i) g DPy is differentiable in first form. That is,
[§ Df y(0)1% = [§ DPy*(x),§ DPY*(x)] and satisfies the
1-system associated with (14). Since in the crisp case,
the solution of the following equation is ugE ,3()('3 ),

S DPu(x) = u(x), x € [0, 1]

u(0) = ug, where u is a crisp function,
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Table 3
Numerical values of the approximate solutions X‘}‘(l <j=<10)
X e 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1.
0.1 0.720854  0.792939  0.865024  0.93711 1.0092 1.08128  1.15337  1.22545 1.29754 136962  1.44171
0.2 0.874604  0.962065 1.04953 1.13699  1.22445 1.31191 1.39937  1.48683 1.57429  1.66175 1.74921
0.3 1.02425 1.12667 1.2291 1.33152  1.43395 1.53637 1.6388 174122 1.84365 1.94607 2.0485
04 1.17962 1.29758 1.41554 1.53351 1.65147  1.76943 1.88739  2.00535  2.12332  2.24128  2.35924
0.5 1.34493 1.47942 1.61391 1.7484 1.8829 2.01739  2.15188  2.28637  2.42087  2.55536  2.68985
0.6 1.52298 1.67528 1.82758 1.97988  2.13218  2.28448 243678  2.58907 274137  2.89367  3.04597
0.7 1.71616 1.88778 2.0594 2.23101 240263  2.57425  2.74586  2.91748 3.0891 3.26071  3.43233
0.8 1.9267 2.11937 2.31204 2.50471  2.69738  2.89005  3.08272  3.27539  3.46806  3.66073 3.8534
0.9 2.15686 2.37254 2.58823 2.80391 3.0196 3.23528  3.45097  3.66666  3.88234  4.09803  4.31371
1 2.40899 2.64989 2.89078 3.13168  3.37258  3.61348  3.85438  4.09528  4.33618  4.57708  4.81797
Table 4
Numerical values of the approximate solutions y‘}‘(l <j<10)
X |o 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0 1.5 1.45 1.4 1.35 1.3 1.25 1.2 1.15 1.1 1.05 1.
0.1 2.16256 2.09048 2.01839 1.94631 1.87422 1.80213 1.73005 1.65796 1.58588 1.51379 1.44171
0.2 2.62381 2.53635 2.44889 2.36143 2.27397 2.18651 2.09905 2.01159 1.92413 1.83667 1.74921
0.3 3.07275 2.97032 2.8679 2.76547 2.66305 2.56062 2.4582 2.35577 2.25335 2.15092 2.0485
0.4 3.53886 3.4209 3.30294 3.18497 3.06701 2.94905 2.83109 2.71313 2.59516 2.4772 2.35924
0.5 4.03478 3.90028 3.76579 3.6313 3.49681 3.36231 3.22782 3.09333 2.95884  2.82434 2.68985
0.6 4.56895 441666  4.26436  4.11206 3.95976 3.80746 3.65516 3.50286 3.35057 3.19827 3.04597
0.7 5.14849 497688  4.80526  4.63364  4.46203 4.29041 4.11879 3.94718 3.77556 3.60395 3.43233
0.8 5.78011 5.58744  5.39477 5.2021 5.00943 481676  4.62409 443142  4.23875 4.04608 3.8534
0.9 6.47057 6.25488 6.0392 5.82351 5.60783 539214 5.17645 4.96077 4.74508 4.5294 431371
1 7.22696 6.98606 6.74516 6.50426  6.26337 6.02247 5.78157 5.54067 5.29977 5.05887 4.81797
Table 6
The maximum errors and convergence orders of numerical scheme
when 8 = 0.7
h E (h) Orderl Eso(h) Order2
8% 0.0149139 1.63051 0.0223708 1.63051
% 0.0048168 1.65202 0.0072252 1.65202
b ﬁ 0.00153268 1.66509 0.00229901 1.66509
1F % 0.000483289 * 0.000724934 *

0.2

0.4

0.6

0.8

Fig. 1. Exact (-)(Blue, Green) and approximate values of (*)(Red,
Brown) of lower and upper values of y at x = 1 when m = 10.

the corresponding solution of the 1-system has neces-
sarily the following expression

Y(@) = Y Ep(xP), T Ep(xP)), (15)
where Eg(z) is the Mittag-Leffler function of z and is
defined by

oo
Epe)= z:(:) r(ﬁk 1)

Table 5
The maximum errors and convergence orders of numerical scheme
when 8 = 0.5
h E_ (h) Orderl Eoo (h) Order2
1

g 0.00980997 47656 0068 égg;gz 1.47656
& 0.00352515 1.48465 0.00188949 1.48465
w0 0.00125966 1.48963 : 1.48963
1 0.00044857 * 0.000672855 *

The error is defined as follows:

max
0<j<m,0<a<l

E(h)= Y () = X1
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0.2

0.4

0.6

(@) m=20

0.8

(b) m=40

Fig. 2. Exact (-)(Blue, Green) and approximate values of (¥*)(Red, Brown) of lower and upper values of y at x = 1.

Table 7
Approximate numerical values of X?
X o 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1.
0.1 1.07768 1.11408 1.15048 1.18689 1.22329 1.25969 1.2961 1.3325 1.3689 1.4053 1.44171
0.2 1.42625 1.45854 1.49084 1.52314 1.55543 1.58773 1.62002 1.65232 1.68462 1.71691 1.74921
0.3 1.75148 1.78118 1.81088 1.84059 1.87029 1.89999 1.92969 1.95939 1.98909 2.0188 2.0485
0.4 2.08148 2.10926  2.13704  2.16481 2.19259 222036  2.24814  2.27591 230369 233146 235924
0.5 2.42738 2.45363 2.47987 2.50612  2.53237 - 2.55861 2.58486  2.61111 2.63736 2.6636 2.68985
0.6 279612 2.82111 2.84609  2.87108 2.89606 = 2.92105 2.94603 2.97101 2.996 3.02098  3.04597
0.7 3.19319  3.21711 3.24102  3.26493 3.28885 3.31276  3.33668 3.36059 3.3845 340842  3.43233
0.8 3.62355 3.64653 3.66952 3.6925 3.71549  3.73848 376146 3.78445 3.80743 3.83042 3.8534
0.9 4.09201 4.11418  4.13635  4.15852  4.18069 ~ 4.20286  4.22503 4.2472 426937 429154 431371
1.0 4.60353  4.62498  4.64642  4.66786  4.68931 4.71075 4.7322 475364 477509  4.79653 4.81797
Table 8
Approximate numerical values of ?}‘
X o 0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1
0 1.5 1.45 1.4 1.35 1.3 1.25 1.2 1.15 1.1 1.05 1.
0.1 1.80574 1.76933 1.73293 1.69653 1.66012 1.62372 1.58732 1.55092 1.51451 1.47811 1.44171
0.2 2.07217 2.03987  2.00758 1.97528 1.94299 1.91069 1.87839 1.8461 1.8138 1.7815 1.74921
0.3 2.34551 2.31581 2.28611 2.25641 222671 2.197 2.1673 2.1376 2.1079 2.0782 2.0485
0.4 2.637 2.60922  2.58144  2.55367 2.52589 249812 247034  2.44257 2.41479  2.38702  2.35924
0.5 295232 292608  2.89983 2.87358 2.84733 2.82109  2.79484  2.776859  2.74235 2.7161 2.68985
0.6 329582  3.27083 3.24585 3.22086  3.19588  3.17089  3.14591 3.12092  3.09594  3.07095 3.04597
0.7 3.67146  3.64755 3.62364  3.59972  3.57581 3.5519 3.52798 3.50407 3.48016  3.45624  3.43233
0.8 4.08326  4.06028  4.03729 4.0143 3.99132  3.96833 3.94535 3.92236  3.89938 3.87639 3.8534
0.9 4.53541 451324  4.49107 4.4689 4.44673 442456 440239 438022  4.35805 433588  4.31371
1.0 5.03242  5.01097 498953  4.96808  4.94664  4.92519  4.90375  4.88231 4.86086  4.83942 4.81797
and Let
= — — E(h)
Ex(h) = L S () = V51 Orderl = log, <W> ,
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Table 9
Numerical values of the approximate solutions X‘}‘
X|a 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1.
0.1 1.64262 1.75302 1.86165 1.96873 2.07445 2.17895 2.28236 2.38477 2.48628 2.58697 2.68689
0.2 2.9477 3.10509 3.25927 3.41065 3.55955 3.70624 3.85094 3.99384 4.1351 4.27486 4.41323
0.3 4.4984 470273 4.90246 5.09818 5.29034 5.47932 5.66544 5.84897 6.03014 6.20913 6.38613
04 6.34123 6.59554 6.8438 7.08676 7.32502 7.55908 7.78937 8.01621 8.23993 8.46077 8.67896
0.5 8.51594 8.82468 9.1258 9.42021 9.70869 9.99187 10.2703 10.5443 10.8144 11.0808 11.3438
0.6 11.0637 11.4324 11.7916 12.1427 12.4864 12.8236 13.1549 13.4809 13.8019 14.1185 14.4309
0.7 14.0295 14.4644 14.888 15.3017 15.7065 16.1035 16.4933 16.8767 17.2541 17.6261 17.9931
0.8 17.4628 17.9713 18.4663 18.9495 19.4221 19.8854 20.3401 20.7872 21.2271 21.6606 22.0881
0.9 21.4189 22.0091 22.5834 23.1438 23.6918 24.2287 24.7556 252733 25.7828 26.2845 26.7792
1 25.9588 26.6399 27.3025 27.9488 28.5805 29.1993 29.8064 30.4028 30.9894 31.567 32.1364
Table 10
Numerical values of the approximate solutions i”;
xX|a 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0 1.5 1.45 1.4 1.35 1.3 1.25 1.2 1.15 1.1 1.05 1.
0.1 3.65415 3.55954 3.46452 3.36909 3.27321 3.17686 3.08001 2.98262 2.88467 2.78611 2.68689
0.2 5.73889 5.61017 5.48072 5.3505 5.21948 5.08759 4.9548 4.82103 4.68623 4.55033 4.41323
0.3 8.07209 7.90907 7.74499 7.57979 7.41342 7.24581 7.07688 6.90654 6.73471 6.56128 6.38613
0.4 10.7492 10.5496 10.3486 10.1461 9.94202 9.7363 9.52882 9.31948 9.10815 8.8947 8.67896
0.5 13.8325 13.5931 13.3519 13.1088 12.8637 12.6164 12.367 12.1152 11.8608 11.6038 11.3438
0.6 17.3797 17.0965 16.8111 16.5233 16.2331 15.9403 15.6447 15.3461 15.0445 14.7395 14.4309
0.7 21.4504 21.1189 20.7846 20.4475 20.1074 19.7641 19.4175 19.0674 18.7134 18.3554 17.9931
0.8 26.109 25.7238 25.3354 24.9436 24.5483 24.1492 23.746 23.3387 22.9267 22.51 22.0881
0.9 31.4256 30.981 30.5326 30.0801 29.6234 29.1623 28.6964 28.2255 27.7492 27.2673 26.7792
1 37.4779 36.9673 36.4521 35.9323 35.4074 34.8774 34.3418 33.8003 33.2525 32.698 32.1364
Table 11
Approximate numerical values of y‘j’f(l < j<10)
X e 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1.
0.1 2.34265 237934 241542 2.45095 2.48597 2.52051 2.55461 2.58828 2.62154  2.65441 2.68689
0.2 4.12721 4.15817  4.18851 4.2183 424756  4.27632 4.3046 4.33243 4.3598 438674  4.41323
0.3 6.15394 6.18007 6.20543 6.23008 6.25409 6.27748 6.3003 6.32255 6.34427 6.36546 6.38613
0.4 8.4821 8.50522 8.52743 8.54881 8.56942 8.58931 8.60851 8.62706 8.64497 8.66227 8.67896
0.5 11.1757 11.1966 11.2163 11.2351 11.253 11.27 11.2863 11.3017 11.3165 11.3305 11.3438
0.6 14.2886 14.3074 14.3251 14.3416 14.3571 14.3716 14.3852 14.3979 14.4097 14.4207 14.4309
0.7 17.8753 17.8924 17.9082 17.9226 17.9358 17.9479 17.9589 17.9689 17.9779 17.986 17.9931
0.8 21.9945 22.01 22.0239 22.0363 22.0473 22.057 22.0655 22.0728 22.079 22.0841 22.0881
0.9 26.7103 26.7243 26.7363 26.7467 26.7554 26.7627 26.7686 26.7731 26.7764  26.7784 26.7792
1.0 32.0932 32.1056 32.1158 32.1241 32.1306 32.1353 32.1385 32.1401 32.1403 32.139 32.1364
Table 12
Approximate numerical values ofijf(l < j=<10)
X e 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0 1.5 1.45 1.4 1.35 1.3 1.25 1.2 1.15 1.1 1.05 1.
0.1 2.98932 2.96116 2.93246 2.90325 2.87358 2.84347 2.81295 2.78202 2.75069 2.71898 2.68689
0.2 4.76098 472924  4.69664  4.66329 4.62925 4.59458 4.55934  4.52355 4.48725 445047  4.41323
0.3 6.70351 6.67499 6.64559 6.61539 6.58447 6.55288 6.52066 6.48785 6.45447 6.42056 6.38613
0.4 8.9866 8.95948 8.93138 8.90237 8.87255 8.84196 8.81066 8.77868 8.74606 8.71281 8.67896
0.5 11.6484 11.6221 11.5947 11.5663 11.5369 11.5067 11.4756 11.4438 114112 11.3778 11.3438
0.6 14.737 14.7112 14.6841 14.6558 14.6264 14.5961 14.5648 14.5326 14.4995 14.4656 14.4309
0.7 18.3043 18.2786 18.2515 18.2231 18.1934 18.1626 18.1307 18.0977 18.0638 18.0289 17.9931
0.8 22.4073 22.3817 22.3543 223254 22.2952 22.2636 22.2307 22.1967 22.1616  22.1254 22.0881
0.9 27.1093 27.0835 27.0557 27.0261 26.995 26.9624 26.9283 26.8929 26.8562 26.8183 26.7792
1.0 32.4803 32.454 32.4256 32.3951 32.3629 32.3289 32.2934 32.2563 32.2177 32.1778 32.1364
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Fig. 3. Approximate solutions of X,"n (Red) and y, (Blue).
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Fig. 4. Approximate solutions of X‘;‘n (Red) and yi;, (Blue).
Exo(h) From these figures, we see that the solutions are trian-
Order2 = log, Eoo(h/2)] gular fuzzy numbers. The numerical values of exact
o0

Wetake 8 = 1/21inTables 1-5 and Fig. 1. The exact and
approximate solutions y*(x ), X‘}‘ (blue and Red colour)
and y*(x), y‘}‘(green and brown colour) are plotted at
xj = lwhenm = 10,m = 20 and m = 40 respectively
in Figs 1, 2(a) and 2(b).

solutions y*(x;) and y*(x;) are given in Table 1
and Table 2 respectively. In Table 3 and Table 4,
numerical values of the approximate solutions X‘;‘ and
?j‘-‘ are given respectively. In Table 5 and Table 6,

we have compared the errors as well as their con-
vergence order for the numerical scheme in the
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Fig. 5. Numerical solutions (*)(Red, Blue) of X:‘n and y5,.
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Fig. 6. Numerical solutions of &‘; (Red) and ¥, (Blue).
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Fig. 7. Numerical solutions OfXZL (Red) and y%, whenm = 10(Blue).

case when h decreases for 8 =0.5 and 8 =0.7
respectively.

Case (ii) g DPy is differentiable in second form. That
is, [§ Dzﬂ y(0)1” = [§ DPY*(x),§ DPy*(x)] and satisfies
the 2-system associated with (14).

Numerical values of the approximate solutions X(}[

and y‘]" are tabulated in Table 7 and Table 8 respectively.
Approximate solutions Xfln (red colour) and ¥¢ (blue
colour) for different value of m are plotted in Figs. 3(a),
3(b), 4(a) and Fig. 4(b).

Example 2. We consider the nonlinear fuzzy fractional
initial value problem of the form

§D12y(x) = 3/y() + y(x), 6
y(0) = (0.5 + 0.5, —0.5 + 1.5), x € [0, 1],

where y(0) € Rp.

Case (i) g DB y is differentiable in first form. That is,
[g D‘;} yx)]* = [8 D# y“(x),g DPFF*(x)] and it satisfies
the 1-system associated with (16). Numerical values
of the approximate solutions X‘; and y‘j are tabulated in
Table 9 and Table 10 respectively. Approximate solu-
tions XZ (red colour) and y¢,(blue colour) for different
value of m are plotted in Figs. 5(a), 5(b), 6(a) and 6(b).
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Case (ii) g DPy is differentiable in second form. That
is, [§ Dhy(0)]* = [§ DPy*(x),§ DPy*(x)] and satisfies
the 2-system associated with (14).

Numerical values of the approximate solutions X‘}‘

and y§ are tabulated in Table 11 and Table 12
respectively. Approximate solutions XZ (red colour) and
y5, (blue colour) when m = 10 are plotted in Fig. 7.

6. Conclusion

The predictor-corrector method is used to solve fuzzy
fractional initial value problems. The fractional prod-
uct rectangle rule is used as a prediction at each step
and the product trapezoidal rule is used to make cor-
rection to obtain the value at each step. Numerical
solutions of fuzzy fractional initial value problems are
compared with the corresponding exact solutions. The
order of convergence of the predictor-corrector method
is min{2, 1 4 B}.
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